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The integration of auxiliary information into survey sampling has continued to attract
significant attention in improving the efficiency of estimators. Traditional ratio and
regression estimators, though effective, often show limitations when confronted with
multiple auxiliary variables and complex sampling designs. This study proposed a class of
Generalized Multivariate Mixture Ratio Estimators for estimating the population mean in
multi-phase sampling design with multi-auxiliary characteristics. The proposed estimators
extend beyond conventional single-variable approaches by combining information from
several auxiliary variables and auxiliary attributes. The theoretical properties of the
estimator are derived, including the Mean Square Error expressions. Theoretical
comparative analysis confirmed that the proposed estimators achieved notable gains in
efficiency relative to the reviewed estimators. Simulation studies further confirmed the
efficiency of the proposed estimators across varying sample sizes (asymptotically),
correlation structures, and distributional conditions. Overall, the generalized multivariate
mixture ratio estimators confirmed to be more efficient in population mean estimation under
multi-phase sampling design.
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1. Introduction

The challenge of accurately estimating the population mean remains a central concern in sampling theory, prompting
researchers to explore various approaches that harness several auxiliary variables to improve estimator precision. It is
widely recognized among survey statisticians that incorporating auxiliary information can significantly enhance the
accuracy of estimates for the study variable. Over time, numerous estimators including ratio, regression, and product types
have been developed and refined based on this principle (Ogunyinka, 2019). One of the foundational methods in this area
is the classical ratio estimator introduced by Cochran (1940), which uses known data about an auxiliary variable to
estimate the population mean of a study variable. Subsequent research by Rao (1957), Tripathi (1970), Srivenkataramana
(1980), and Srivenkataramana and Tracy (1979), later expanded bys Chaudhuri and Roy (1994), further advanced the
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application of auxiliary information in ratio estimation. Olkin (1958) extended these ideas by making use of multiple
highly correlated auxiliary variables, showing that this approach produced more accurate results compared to using either
no auxiliary information or a single auxiliary variable. Building on Tripathi’s (1970) research, Samuiddin and Hanif
(2007) categorized the use of auxiliary information into three situations: Firstly, the Full Information Case (FIC), where
complete data on all additional variables is available; Secondly, No Information Case (NIC), where such information is
absent; and lastly is the Partial Information Case (PIC), where only some auxiliary information is accessible. All these
classifications offer flexibility in applying auxiliary data under varying conditions. In addition to continuous auxiliary
variables, a dichotomous population characteristic indicating the presence or absence of a particular attribute can also
serve as a useful auxiliary variable when it is strongly correlated with the study variable. This type of auxiliary information,
often referred to as an auxiliary attribute, has been shown to improve estimation accuracy in several studies (Bahl &
Tuteja, 1991; Jhajj et al., 2006; Rajesh et al., 2007; Hanif et al., 2009; Moeen et al., 2012; Ogunyinka & Sodipo, 2017).
Despite these advancements, Swain (2000) noted that one of the major challenges in multipurpose surveys is the
simultaneous estimation of population means for multiple variables. In order to address this, Tripathi and Khattree (1989)
suggested techniques for using many additional data under simple random sampling to determine the means of several
study variables. Furthermore, Tripathi (1989) later extended this work to the context of two-phase sampling. Building on
these contributions, Ahmad et al. (2009, 2010) introduced classes of ratio estimators for two-phase sampling with multiple
auxiliary variables, accommodating scenarios corresponding to FIC, NIC, and PIC. More recently, Ogunyinka et al. (2019)
proposed a generalized class of ratio-cum-product estimators in two-phase sampling, further enhancing estimation
efficiency through the use of multiple auxiliary variables. Moreover, Moeen et al. (2012) established that an estimator
combining an auxiliary variable (quantitative) with an auxiliary attribute (qualitative) can produce a more accurate
estimator, commonly referred to as a mixture estimator. Consequently, there is a clear need to develop generalized
multivariate ratio estimators that uses both types of auxiliary characteristics for the estimation of population mean in
multi-phase sampling design when there exist both the full and no information situations. In line with this, the present
study aims to propose generalized multivariate mixture ratio estimators that effectively use multiple auxiliary
characteristics in a multi-phase sampling design to estimate the population mean. The subsequent sections will outline the
multi-phase sampling design and present essential properties that form the basis for constructing the proposed estimators.

2. Methodology

Estimating the population mean in multi-phase sampling using several auxiliary characteristics

This study considered a population size of N units, having Y;,Y5, ..., Y, study variables, with X, X5, ..., X, auxiliary
variables and Py, P, ..., P, auxiliary attributes. The n, and n, (n, < ny,) are the sample sizes of the h*" and k*"* phases,
respectively. The Xp); and X i, Dnyrand py are the it" and £t auxiliary variables and auxiliary attributes from the
ht" and k" phases, respectively. Let Py« indicate the population correlation coefficient of Yand X;, and let C,,, mean

coefficient of variation of it" auxiliary variables. Also, the following hold 8,, = (i - l) and 6, = (i - l) such that
np N Nk N
n, >n, and 6; < 0,. Similarly,
Yy =Y tey,
Xy = Xi + 8y, O Exyy = (X, — Xi),and €))

Py, = Pr + E"-'(h)f.
In general, the sampling errors are expected to be very negligible values. This study confirmed that:

E (E"(h)i) =E (Ef(mi) =E(e,) =0,
where Ej, and E;, indicates the expectations of errors of hth and kth phase sampling, respectively.

2.1 Reviewed Estimators

Ahmad et al. (2009) developed the estimated population mean of a generalised ratio estimator in multi-phase
sampling where the population data is provided for all the supplementary variables in the estimator component with pth
multi-auxiliary variables. The estimator is termed Full Information Case (FIC) estimator and presented as:

q _ . q _ ) q _ ;
~ 1_[< Xi )“11 ~ n( Xi )“12 ~ H( Xi )“Lp
y - * Y p * kY -

(o L X (k)i (2 L X (k)i (P X (k)i

i=1 i=1 i=1
The corresponding minimized Mean Square Error (MSE,,;;,) is presented as

le

()
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MSE(Z)min = 6,723 (1= 03, ) 3)
4/ pxp
Furthermore, Ahmad et al (2009) developed a generalised ratio estimator in multi-phase sampling for estimating the
population mean when the population data is not provided for all the additional variables. The estimator is termed No

Information Case (NIC) estimator and presented as:

q f(h)- a1 q Ty iy q f(h)' QAip
— L L L
= [ J(E2) " s [ J(2) o [ 1) ]
i1 X (k)i iy Xy X (k)i
The corresponding MSE,,,;,, is presented as
~ V2,2 _ 2 2
MSE(ZZ)an =Y Cy [Gk (1 pyi.(ﬁlz)q> + Qh <pyl(£'£)q>:| (5)

pXp

2.2 Proposed Generalized Multivariate Mixture Ratio (GMMR,) Estimators with Multi-Auxiliary
Characteristics in Multi-phase Sampling

The proposed GMMR; estimators for the population mean with multi-auxiliary characteristics in multi-phase sampling
in full information case using g total number of multiple auxiliary attributes and auxiliary variables are presented in
equation (2.2.1). The estimator is within the range {(1,2,...,t), (t + 1, t + 2, ..., q)} of multi-auxiliary characteristics,
such that auxiliary characteristics within the range {i = (1,2, ...,t) }and {f = (t + 1,t + 2, ..., q)} are multi-auxiliary
variables and multi-auxiliary attributes, respectively, which satisfy conditions of ratio estimation method.

The proposed estimated population mean for the FIC is given as:

t Xi a1 q Pf Bfl q Xi iy q Pf ﬁfz
Z3ixp) = }_’(k)ll_[ <—_ ) 1_[ ( ) Yoz 1_[<_ ) 1_[( )
b L [\ %oy Paos L I\%0:) 1 1\poor

f=t+1 i=

T
- Yk — .
P M) 1 \woos

Substitute equation (2.1) into equation (2.2.1)

¢ - —ay 2 5 —Br1
5o, - Ex(iyi\ (k) f
i=1 f=t+1

=t+
¢ =~ —ai; 1 - —Bf2
5, = exri) - er(if
Frrem [ | (0052 ™ ] (14550) ™ )
i=1 t f=t+1 s

: i) " T AR
4 - X l X l
G aon| [(+757) ] 0+7%)
i=1 i

Apply Taylor’s series and expand up to the first order of degree to obtain,

Ex(k)i Ce(l)f
Z3(1xp) = Y1+ ey001 — YZ Qip X( Y Z .Bfl & P,

l

i= f=t+1
t
S _ S ex(k)l ‘r(k)f
* Y2+ey(k)2—YZai —Y Z ﬁf *
i=1 f=t+1 Fy
t
= _ = ex(k)L T(k)f
Yo +éyu0p — YZ i - Z pr
i=1 f=t+1

Representing the result in matrix will give
Zswpy = (L + Eywn) (B + &) = (B + &) 1)
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L _ Y; _ a Y
[EX(k)l Cx (e - e?%k)p]lxt b [ef(knef(k)z ef(k)f]lxq B Pri
i tXP f qxP

Z3axp) = {[Yl %o Yp](lxp) + [e_y(kn a2 e_y(k)p](lxp) N ([e_x(kn €xya e_x(k)p]lxt

v Yij T T - Cr Jj
Xi ixp )1 " T(k)2 of 1xq | P; axp
Let

[}_/1 72 "'Yp](lxp) = }_/(D(P)’

[ey(k)1 €yyz2 ey(k)p](lxp) = Dy (1xp)»

[ex(k)l €x(kyz "'ex(k)p]lxt = Dy1xe)

[e_f(k)le_f(k)z "'e_f(k)f]lxq = Deaxay

ﬁoz--] =4 and [&ﬁ ] =B
XUl p (txp) Pr fi axp (axp)-
Then,

Z3axp) = Yaxp) + Dyaxp) = DxaxyAexp) — Draxq) Biaxp), aNd

Z3axp) ~ Yaxp) = Dyaxp — DxaxoAexp) — Draaxa Baxp)-
Let ) denote matrix representation, and using information associated to the auxiliary characteristics from h — th
and k — th phases, the corresponding MSE,;,, of Z3(1, could be reported as

z = EnBipn | (Zacmy = F) (Zsca) = T |
Z3(pxp)

or

2.

=0, —AO-00)  BFO-0))  +
y(pXxp) yx(txp) yx(xp)

=00  A=AG=0))  A+BO-0)) 4
yx(pxt) x(txt) xT(gxt)
~On=0) ) B+A B -00) B
yT(pxq) xT(txq)

+ B'(6x — 0p) E B (7
7(gxq)
Given that there exist X3/« and X7d<q) - the best values of A and B that minimize the variance covariance

matrix of the MSE of ¥, ,xp) IS given as

-1 1 -1 1
A = Z Z ] and B = [Z Z ] and (2.2.3
) [ x(txt) yx(txp) (@@ z(gxq) yt(q%p) ( )
-1 -1
A DN SO LT A ) S SO S
>0 yx(pxt) x(txt) @xa) yr(gxq) T(gxq)

Hence, Substitute equations (2.2.3) and (2.2.4) into equation (2.3.2) to obtain the minimized MSE (MSE,;,,) as

-1 12
UL W 0 YD YOI SIS )
y(pxp) yx(pxt) x(txt) yx(txp) yT(pXq)
-1 -1 -1 '
DI Y 1 C YD YD MU
T(gxq) yt(qxp) yx(pXt) x(txt) yx(txp)
—1 -1 12
DD YD YR YD WU Y &
yx(pxt) yx(pxt) x(txt) x(txt) x(txt) yx(tXp)
-1 ! -1 !
DI YD WD N B C5)
(gxq) xT(tXq) x(txt) ~~yx(txp) yT(pXq)
-1 ’ ! -1
)R D M L1 YD}
t(qxq) yr(a%xq) yt(a%xq) yx(pxt) x(txt)
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-1 ! -1
25NN WD YO £ ) WD WS
xT(tXq) (g%xq) yT(gxq) yT(pXq) 7(gxq) T(g%q)

2 2
(qxq) yT(axq)
Further simplification will give

-1 7
UL YN C5 YD YN W &
y(pxp) yx(pXt) x(txt) yx(txp)
-1 12
(0 0 2 > )
yT(pXq) (g%q) yt(qa%xq)

_1 1
S 0 T T )-
Z3(pxp) y(pxp) yx(pxt) x(txt) yx(txp)
-1 ’
S COIED NS Y|
yT(pXq) t(gxq) y1(a%xq)

Thus, the corresponding MSE,,,;,, is given as

2.

2.4  Proposed Generalized Multivariate Mixture Ratio Estimators for the Population Mean with Multi-

Auxiliary Characteristics in Multi-Phase Sampling in No information case (NIC).
The proposed GMMR; estimators for the population mean with multi-auxiliary characteristics in multi-phase sampling
for NIC using g total number of multiple auxiliary attributes and auxiliary variables. The estimator is within the range
{(1,2,...,0),(t+ 1, t + 2,...,q)} of multi-auxiliary characteristics, such that auxiliary characteristics within the range
{i=Q2,..,0)Yand {f = (t + 1,t + 2, ..., )} are multi-auxiliary variables and multi-auxiliary attributes, respectively,
which satisfy the condition of using ratio estimation method. The proposed NIC estimator is given as:

t . q t . q
, B B f(h)i X1 w Bf1 ~ @ Qiz p(ﬂ Bf2
a4(1xp) = || Yoo 1_[ T 1_[ * Yoz 1_[ oo 1_[
i=1 \ f=ir1 PO i=1 VW f=er1 \P@OS

¢ = ap 4 Brp
_ X(n)i | | Pwyr
— . 10
T y(k)pl—[<f(k)i) (P(W (19)
i=1 f=t+1

Substitute equation (2.1) to (2.3.1) to obtain

_ q
X Qi1 e.

(hi i (mf

e e e R
4(1xp) = (h ey(k)l) X; €x(k)i Py

f=t+1

Bf1 7\ Q2

P X,

(1 +—L ) + (% + &y0002) 1_[ (1 + "5"”) (1 + = )
er(i)f X; Ex(k)i

q

B
s P\ x(h)l
1+ =21+ wxx (1, + ey(k)p)
e Py ertof
— ; q _ B
X\ é P \rP
<1+_l ) 1_[(1+—T(h)f>(1+ ! ) .
ex (k)i Py x(k)f

f=t+1

Apply the Taylor’s series of expansion, expand and simplify up to the first order of degree, and further representing the
result in matrix will yield

Z3(pxp)

or

pXp.

~ Hkl_/ZCjE [1 — p;i‘(x,r) ] (9)
—>/q

Z
3(xP) pXD.
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Z4(1><p) = {[Y1 Y, ---Yp](lxp) + [e_y(k)l e_y(k)z e_y(k)p](lxp) *

Y:
_ _ _ _ _ _ i
[(ex(hn ex(k)l) (ex(h)z ex(k)z) (ex(h)p eX(k)p)]lxt [)?l. aif]
tXxXP

Y.
- = = - - = J
+ [(ef(hn - eT(k)l) (eT(h)z - eT(k)Z) (eT(h)p B eT(k)p)LXq [P_fﬁff] }
qxP

Let

Y Y ¢ ](1><p) Y(]-Xp)’

é =D ,

[ €y €Yz y(k)p (1xp) ¥y (1xp)

[( X1 exwl) (ex(mz - ex(k)z) (ex(h)p - ex(k)p)]lxt = Dxaxys

[( Thn ef(k)l) (ef(h)z Crry2 ) (eT(h>p - ef(k)p)]lxq = De(axqy

Y

al] = Atexp) and P_ﬁfj = Bgxp)-
f qxpP

Then,

Zaaxp) = Yaxp) + Dyaxp) + DxaxeyAexp) + Dr(1xqyBgxpy, and

Zaaaxp) ~ Yaxp) = Dyasxp) + DxaxeyAexp) + Draxq)Biaxp)-
Let Y denote matrix representation. Using information associated to the auxiliary characteristics from h — th and k — th
phases, the corresponding MSE,;;, 0f Z4(1;) Could be reported as

z = EnEisn | (Zacisw = Yeaxy) (Zacas) — Yo
Z4(pxD)

or

Z —6, Z + A6, — 6,) Z +B'(6), - 6,) Z +
Z4(pXp) y(p%xp) yx(tXp) yx(Xp)
6n=00).  A+A@=60)  A+B(6,— 6
yx(pxt) x(txt)

Z A+(9h—9k)z B+A(9h—9k)z
xt(gxt) yT(pXq) xf(th)

+B'(6; — 6y) Z B an
7(qxq)
Given that there exists ¥ () and X7(yxq) . the best values of A and B that minimize the variance covariance matrix

of the MSE of 224(po) is given as

-1
A = Z Z ] and B = [Z Z ] and (12
) [ x(txt) yx(txn) (@@ T(qxq) yr(q><p) 12
Ko = | > wdBpg <[y 3 | a3
@0 [ yx(pxt) x(txt) ] @ [ ye(axa)  L=r(gxa) (13)

Substitute equation (2.3.3)and (2.3.4) into equation (2.3.2) to obtaln the MSE as

!
2. —BZ YD IRCETS) WD
Z4(p><p) y(pxp) yx(pxt) x(txt) yX(tXp) yT(pXq)
D ey 0 >2 CET) WD WD)
T(qxq) yt(qxp) yx(pXt) x(tXt) yx(t><p)
-1
2 Z ) YD ID 3
yx(pXt) x(txt) x(txt) x(txt) yx(tXp) r(qxq)
000y z DIIRECEE) YD W
xT(txq) x(txt) yx(txp) yT(pxq) T(gxq)
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12 -1 -1 12
)PRED NFUND IR EL ) S S Y
yT(gxq) yx(pxt) x(Ext) xT(tXq) ©(g%xq) yT(gxq)
-1 -1 r
DI IRNCEL) S I )
yT(pXq) T(gxq) T(gxq) (g%q) y1(g%q)

Further simplification gives

-1 12
I 5 YR R S) WD YD)
Z4(pXxp) y(pxp) yx(pxt) x(txt) yx(tXxp)
-1 1
OIS DN D
yT(pXq) T(qxq) yt(qa%xq)

and the corresponding MSE,,;,, is given as

~Y2¢216, (1 - p? )+9(2 )] 14
zh(vw) y[ k( pyl"(?ﬁ'i)q " pYi'(i'Z)q 14

pXp.

pXD,

3. Result

3.1 Theoretical Analysis of the Reviewed Estimators and proposed Estimators
This section presents a theoretical and empirical comparison between the reviewed estimators and the proposed estimator.
In the theoretical analysis, efficiency is determined by comparing the minimum MSE of the competing estimators. For
instance, if MSE (Jst)min — MSE (¥5) min < 0, this implies that the estimator y,, achieves a lower error and is therefore
more efficient than y5. Conversely, if the inequality does not hold, the estimator y5 is preferred.

3.1.1 The proposed FIC estimator versus Ahmad et al. (2009) FIC estimator
This comparison is obtained with the expression
MSE(Z3)min - MSE(Zl)min

2 - -
If py_(x T)q > pﬁ_esq, then the expression gives

)
()

_0k726y2 (p;(x’r) —p§_£q> < 0. This implies that MSE(Z,)min — MSE(Z1)min < 0. Hence, estimator Z; is more
-l q

efficient than estimator Z;.

3.1.2. The proposed FIC estimator versus Ahmad et al. (2009) NIC estimator.

This comparison is obtained with the expression
MSE(ZS)min - MSE(ZZ)mL'n

2 - -
If py'(m)q > p;&q' then the expression gives

X, T

i
e,

—2

more efficient than Z,.

) + 61p5 % ) + Hk?zcﬁp},,x < 0. This implies that MSE(Z3)in — MSE(Z3)min < 0. Hence, Z5 is
q ~q ~q

3.1.3. The proposed NIC estimator with Ahmad et al. (2009) NIC estimator.

This comparison is obtained with the expression
MSE(Z4)min - MSE(ZZ)min

If (p;_(&z)q > p;ﬁq) and (6, — 8,,) > 0, then the expression is given

X, T

)
o,

—2
Y C} (‘(91( - eh)P;(

more efficient than Z,.

) + (6 — 0,)p3 ) < 0. This implies that MSE(Z,)min — MSE(Z3)min < 0. Hence, Z, is
q -q
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The empirical analyses used data simulation technique. The distribution of the population sizes and the phase-wise samples sizes are presented in table 1.0.
Table 1. Distribution of population size and other phase-wise sample sizes over the sixteen asymptotically simulated populations.

T12 T13 T14 T15 T23 T24 T25 T34 T35 T45
Pop. 2?2% 18 2nd | st 3rd | 1st 4th | gt 5th | 2nd  3rd | 2™ 4th | 2nd  5th | 3™ 4th | 3rd 5th | 4% 5t
1 10000 | 3333 1111 | 3333 833 | 3333 667 | 3333 556 | 1667 556 | 1667 417 | 1667 333 | 1111 278 | 1111 222 | 833 167
2 9650 | 3217 1072 | 3217 804 | 3217 643 | 3217 536 | 1608 536 | 1608 402 | 1608 322 | 1072 268 | 1072 214 | 804 161
3 9300 | 3100 1033 | 3100 775 | 3100 620 | 3100 517 | 1550 517 | 1550 388 | 1550 310 | 1033 258 | 1033 207 | 775 155
4 8950 | 2983 994 | 2983 746 | 2983 597 | 2983 497 | 1492 497 | 1492 373 | 1492 298 994 249 994 199 | 746 149
5 8600 | 2867 956 | 2867 717 | 2867 573 | 2867 478 | 1433 478 | 1433 358 | 1433 287 956 239 956 191 | 717 143
6 8250 | 2750 917 | 2750 688 | 2750 550 | 2750 458 | 1375 458 | 1375 344 | 1375 275 917 229 917 183 | 688 138
7 7900 | 2633 878 | 2633 658 | 2633 527 | 2633 439 | 1317 439 | 1317 329 | 1317 263 878 219 878 176 | 658 132
8 7550 | 2517 839 | 2517 629 | 2517 503 | 2517 419 | 1258 419 | 1258 315 | 1258 252 839 210 839 168 | 629 126
9 7200 | 2400 800 | 2400 600 | 2400 480 | 2400 400 | 1200 400 | 1200 300 | 1200 240 800 200 800 160 | 600 120
10 6850 | 2283 761 | 2283 571 | 2283 457 | 2283 381 | 1142 381 | 1142 285 | 1142 228 761 190 761 152 | 571 114
11 6500 | 2167 722 | 2167 542 | 2167 433 | 2167 361 | 1083 361 | 1083 271 | 1083 217 722 181 722 144 | 542 108
12 6150 | 2050 683 | 2050 513 | 2050 410 | 2050 342 | 1025 342 | 1025 256 | 1025 205 683 171 683 137 | 513 103
13 5800 | 1933 644 | 1933 483 | 1933 387 | 1933 322 967 322 967 242 967 193 644 161 644 129 | 483 97
14 5450 | 1817 606 | 1817 454 | 1817 363 | 1817 303 908 303 908 227 908 182 606 151 606 121 | 454 19
15 5100 | 1700 567 | 1700 425 | 1700 340 | 1700 283 850 283 850 213 850 170 567 142 567 113 | 425 85
16 4750 | 1583 528 | 1583 396 | 1583 317 | 1583 264 792 264 792 198 792 158 528 132 528 106 | 396 79
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Table 2. MSEs of the proposed estimators for first-phase and second-phase samplings, respectively, for the sixteen asymptotically simulated populations.
Info Case

S/N 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 FIC 1984 1710 2230 2322 2366 2443 2737 2737 2668 3108 2.863 3542 3346 3782 3.935 3.790
2 NIC 2211 1.955 2421 2562 2562 2731 2727 3104 3011 3423 3230 3.906 3.717 4266 4380 4.267

Table 3. Ranking of the proposed estimators based on the obtained MSEs for the first-phase and second phase samplings, respectively, over the sixteen
asymptotically simulated populations

Populations
Average of Rank of
SIN Info. Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 Ranks Average
1 FIC 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1.00 1
2 NIC 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2.00 2

Table 4. Ranking of the proposed estimators based on the obtained MSEs for the second-phase and third phase samplings, respectively, over the sixteen
asymptotically simulated populations

Populations
Average of Rank of
SIN Info. Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 Ranks Average
1 FIC 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1.00 1
2 NIC 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2.00 2
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Table 5. Ranking of the proposed estimators based on the obtained MSEs for the fourth-phase and fifth-phase samplings, respectively, over the sixteen

asymptotically simulated populations

Populations
Average of Rank of
SIN Info. Case 4 5 6 7 8 10 11 12 13 14 15 16 Ranks Average
1 FIC 1 1 1 1 1 1 1 1 1 1 1.00 1
2 NIC 2 2 2 2 2 2 2 2 2 2 2 2.00 2
Table 6. Ranking of the proposed estimators based on the obtained MSEs for the phase-wise sampling when N = 10000 respectively,
Populations
Average of Rank of
SIN Info. Case 4 5 6 7 8 10 11 12 13 14 15 16 Ranks Average
1 FIC 1 1.00 1
2 NIC 2 2 2 2 2 2 2 2 2 2 2 2.00 2
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4. Discussion and Conclusions
R statistical programming software was employed in this study to simulate and analyse the simulated data obtained

for the empirical analysis in comparing the proposed estimators (FIC and NIC). Simulation was conducted for
sixteen populations with respect to ten (10) different pair-wise sampling. Table 1 shows the distribution of the
population sizes and sample sizes across the sixteen simulated populations and ten (10) pair-wise sampling. T12 is
a two-phase sampling which is interpreted as the pair-wise sampling with first-phase and second-phase sampling
which is dependent on the first-phase sample (Hidiroglou, 2001). Similarly, T45 is a multi-phase sampling with the
fourth-phase sample paired with the independent fifth-phase sample.

Table 2 revealed that as the population size and the sample size reduce down the sixteen (16) populations, the MSEs
increases for the two (2) proposed estimators. This shows that the proposed estimators are asymptotically efficient.
The ranking in table 3, table 4, and table 5 show that the FIC estimator is ranked first (1st) and the NIC estimator
is ranked least (2nd) in the proposed estimator. This result is in accordance with the research of Ogunyinka (2019)
and Kung’u et al. (2014) as they suggested that an estimator for which the information about the population is
available for all auxiliary variables (FIC) would be more effective to the estimator which the information about the
population is not available on all auxiliary variables (NIC).

It was confirmed in Table 6 that the MSEs increase as the number of sampling phase increases. This means that the
suggested estimators performs better when the number of sampling phase is small. This is justified, according to
the result above, that as the number of sampling phases increases, the sample size (where the auxiliary information
is obtained) reduces and the sample size for the subsequent phase also reduces. Consequent to this reduction in
sample size, the MSE increases.

5. Conclusion

In the theoretical comparison, the proposed FIC and NIC estimators are more asymptotically efficient than the
reviewed ratio estimators with respect to the type of information cases. Furthermore, the proposed FIC estimator is
more efficient than the proposed NIC estimator. In general, the proposed generalised multivariate mixture ratio
estimators for the population mean in multi-phase sampling design are efficient than the corresponding reviewed
estimators.
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