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1. Introduction

The MLR model refers to a statistical technique as an extension of the simple linear regression model that is used to
predict the outcome of one variable (dependent variable) based on the value of two or more variables (independent
variables) (Pollins & Cooper, 2022; Mendenhall, 2019). Previous research has shown that two common methods for
estimating MLR model coefficients include the LS estimation method and the maximum likelihood (ML) estimation
method (Gallo & McKinney, 2025; Kahane, 2025). The LS estimation method is an easy-to-apply estimation method that
only considers zero mean and uncorrelated error terms without any distributional assumptions (Piradl et al. 2022; Chen
et al. 2021). The estimator obtained with this estimation method is known as the best linear unbiased estimator, according
to the Gauss-Markov theorem (Du et al. 2023; Lawrence, 2020). The ML estimation method is a method for estimating
the coefficients of the MLR model by adding an assumption to the basic assumptions about the probability distributions
of the error terms (Pitblado et al. 2024; Cao et al. 2023). However, when assuming a population with a normal probability
distribution, the LS estimator becomes identical to the ML estimator and thus preserves several asymptotic properties of
the ML estimator (Magnus, 2022; Spanos, 2019; Osborne, 2006).

This paper introduces an AC-based estimation method for MLR model coefficients. This method uses first-order AC
(Bose & Bhattacharjee, 2018; Brockwell, 2009) instead of the sum of squares to minimize or maximize the AC of the
error terms. In principle, this method can be used not only for uncorrelated error terms but also for cases where the error
terms are autocorrelated. If the AC values are always positive (or negative), the estimator with the minimum (or
maximum) AC will be the optimal estimator, with AC close to zero. However, if there is an estimator with zero AC, it
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should be the optimal estimator, but in reality, satisfactory results cannot be achieved by obtaining an estimator that is
over-adjusted to make the AC zero. From this perspective, this method is not intuitively appealing, but a method for
zeroing AC in a different direction can be developed and applied to nonparametric regression (Dudas, 2025; Kong et al.,
2024; Takezawa, 2005).

This paper first introduces an AC-based estimator using matrix notation. Then, it presents two properties of this new
estimator. The first property is that this estimator is an unbiased estimator of the coefficients of the MLR model, and the
second property is that if the vector of independent variables satisfies certain regular conditions, this estimator has an
asymptotic probability distribution similar to the LS estimator and converges in probability to the coefficients of the MLR
model, under the weak condition that the error terms follow the ARMA model. Finally, through a simulation study, it is
shown that these two properties of the proposed estimator hold true even for small samples.

The content of this paper is organized as follows: Section 2 presents the new AC-based estimator and its properties.
Section 3 shows through a simulation study that the properties of the AC-based estimator presented in Section 2 hold true
even in small samples. Finally, Section 4 includes discussion and conclusions.

Definition of an AC-Based estimator and presentation of its properties

This section presents the new AC-based estimator and its two main features. Specifically, Section 2.1 introduces this
estimator and Section 2.2 demonstrates its unbiasedness and asymptotic equality with the LS estimator.

1.1. Definition of AC-based estimator
This section presents the AC-based estimator using the following definitions and Theorem 1:
Definition 1. The MLR model is considered as follows:

Y, =00+ 61x;1 + Oxp+ -+ 0pxp +7, =70 +1, 1=123,..,m, (D

where Y, 1 =1,2,3,...,m are dependent random variables, x7 = (1,x;4, x5, ..., xn), | = 1,2,3,...,m are vectors of
independent non-random variables, 87 = (8,, 84, 6,, ..., 8,,) is the vector of model coefficients and 7,, [ = 1,2,3,...,m
are error terms, which are independent and identically distributed (i.i.d.) random variables with a common mean equal to
0 and a common variance equal to the unknown non-negative constant o2,
It should be noted that the equation (1) can be written in matrix form as follows:

Y =x0+ 1, 2

where Y is a random vector with m x 1 elements, x is a non-random matrix with m x (n + 1) elements, @ is a non-
random vector with (n + 1) x 1 elements, and t is a random vector with m x 1 elements.

Definition 2. The upper shift matrix M with m X m elements is considered as follows:

01 0 0 0 0

0 0 1 0 0 o]

0 00 0 00 1=123,..,m

M= (my) = : N {k=1'2’3' " 3)

0 0 01 0

0 0 0 0 0 1

0 0 0 0 0 0

1, ifl+1=k

where m ={ L
tk 0, otherwisw
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Definition 3. Assuming the MLR model Y; = x70 + , | = 1,2,3,...,m defined in equation (1), the estimator of the
model coefficients based on AC, called 8, is obtained by setting the partial derivative of the following equation with
respect to 8 to zero:

m—1 m-1
K©) = ) (@r) = ) (1= 210) (Vs — 211,6), “)
=1 =1

where, K (0) can be expressed in matrix form as follows:
K(0) = (Y — x0)TM(Y — x0). (5)
From the equation (5), an AC- based estimator is obtained based on the following theorem:

Theorem 1. In the MLR model ¥ = x0 + =, if the inverse of the matrix xT (M + MT)x exists, then the estimator for the
model coefficients based on AC is as follows:

0 =[x"T(M+M)x]x"(M + MT)Y. (6)
Proof: By simple differentiation of K (8) defined in equation (6), the following relations hold:

JdK (0
% =—x"TM(Y —x0) —x"™M"(Y —x0) =0

s xT(M+MT)x0 = xT(M + MT)Y
©0=[x"M+M)x]'x"(M+M")Y.u
1.2. Characteristics of the AC-Based Estimator

This section first shows, using Theorem 2, that the estimator 8 is an unbiased estimator of the coefficient vector 8.

Theorem 2. In the MLR model, ¥ = x8 + t, if the inverse of the matrix x” (M + MT)x exists, then E(7) = 0
and if so, then £(8) = @.

Proof: It is easy to see that the following equations hold:
E(t)=E(Y—x0)=E(Y)—x0 =x0 —x0 =0,
and so, the conclusion is drawn:
E(8) = [x"(M + MD))x]  [x"(M + MT]E(Y) = [x"(M + M")x] ' [x"(M + MT)]E(x0 + ©)
= [xT(M + MT)x] Y [x"(M + MT)][E(x0) + E(7)]
=[xT(M + MD)x] 2 [xT(M + MT)](x0 + 0) = [xT(M + MD)x]  [xT(M + MT)x]0 = 6. m
It is worth noting that if the error terms have a common mean of zero and are uncorrelated, i.e., E(t) = 0, and their
covariance is Cov(t) = oI (where I is the identity matrix with m x m elements), then the LS estimator is the best linear
unbiased estimator by the Gauss-Markov theorem. Therefore, under the assumptions of typical MLR model analysis, an

AC-based estimator has a larger variance than the LS estimator. As such, this paper seeks conditions under which the
optimal AC-based estimator is asymptotically identical to the LS estimator. These conditions can be stated as follows:
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(1): The existence of the inverse of the matrices x”x and x (M + MT)x,

(2): For each I = 1,2,3, ..., m, there exists a constant value ¢ > 0, such that |x;| < ¢, where |x,| is the notation of L?-
norm with the dimension defined in the text,

(3): Foreach I = 2,3, ...,m, there is a constant y > 0, such that [x; — x;_;| < %

-1 -1
(4): (x;—x) = 0(1), where 0(1) is the notation indicating that the matrix (x;—x) is bounded,

(5): Stationary property of elements of the random vector r, E(t) =0, and }2,[9(i)| < oo, where 9(i) =
cov(Ty, Ty4i) = COV(Tpy, Trp—y) = 9(—0).

However, it should be noted that the above conditions are strong and can be further modified. The possibility of this
adjustment will be discussed in more detail in Section 4. Furthermore, condition (5) generally holds for uncorrelated data
and is also valid in the ARMA model (Bisette & Schwartz, 2025).

Now, using conditions (1) to (5), the following lemmas and theorem hold:

Lemma 1. For each | =1,2,3,...,m, if there is a constant § > 0, such that |x;| < &, and a random vector T with
multivariate normal probability dlstrlbutlon such that E(7) = 0, and X.72,|9(i)| < oo, then = Z ® (x1) = 0p(1), where
0,(1) is a random vector that converges to 0 in probability.

Proof: Some simple calculations can lead to the following results:

cov[ Z xm)l nt ii[xzxiﬁ(l—v)] S%ii[lxﬂgllﬁ(l—@l]

I=1v=1 l=1v=1
2 m m 2 m-1 | | 5 m-1 252 m-1
—ZZ oa-ml=0 Y (1——)|19()|]<— > B> Bl
=1 v= l——(m—l) i=—(m-1) i=0
where the second inequality hold because |x;x7| = |x;||x7| < §2, and the last inequality holds because 9(i) = 9(—i).

Therefore, if m — oo, then |c017 [%Z{';l(xm)” — 0 holds and ; m . (x;7;) converges to 0 in the L?-norm, and

consequently, iZﬁl(x,rl) converges to 0 in probability.

Lemma 2. If conditions (1) to (5) hold, the following results are obtained:

(D:xT(M+ MT)x = 2x"x + 0(1),

2):xT(M + MT)T = 2xTT+ 0,(1),

3):xT(M + MT)Y = 2xTY + 0,(1).

where 0, (1) is a probability vector (That is, 0, (1) is a vector with non-negative elements whose sum is one).

Proof:

166



Iragi Journal of Statistical Sciences, Vol. 23, No. 1, 2026, Pp (163- /73)

(1):

m-—1 m-—1 m
xT(M +M")x — 2xTx = Z (xfy) + Z (xp41x]) =2 Z(xzxﬂl)
=1 =1 =1

m-—1 m-—1
= 1 G =D+ ) @i — 1) A — 2,8, = O(D) + 0(1) + 0(1)
=1 =1

=0(1),

where the penultimate equation holds because |x,(x7,;, — xT)| and |(x; — x,,.1)x7| both have an upper bounds equal to
% according to conditions (1) and (2),

(2):

m—1 m—1 m
XM+ M)T =227 = ) (Hm) + ) @) =2 ) ()
=1 =1 =1

-1 m-—1

(=240 Ty + (X141 — X)) T — 24Ty — X Ty = 0p(1) + 0p(1) + 0,(1)
=1

3

l

1l
g

05(1),

where the penultimate equation holds according to the Lemma 1 because |x; — x;,,| and |x;,.; — x;| both have an upper
bounds equal to % according to condition (2),

(3):

XTM+ MDY =x"TM+M")(x0+1) =x"(M+M")x0+ x"(M+ M")t =2x"x0 + 0(1) + 2x"t+ 0,(1) =
2xT(x0 + 1) + 0,(1) = 2xTY + 0,(1),

where the penultimate equation holds with results (1) and (2) of Lemma 2.
By combining the previous two lemmas, we obtain the next theorem. This theorem proves that if conditions (1) to (5)
hold, then the AC-based estimator has the same asymptotic probability distribution as the LS estimator and also converges

in probability to the coefficients of the MLR model.

Theorem 3. If an MLR model of the form Y = x0 +  satisfies conditions (1) to (5), then the following hold:
(1):6=0,5+0p (i),

(2):8 =0+ 0,(1),

_ 0n(L
where 6, is the LS estimator of the coefficients vector 8, and Op (i) is a probability vector for which # is bounded
in probability.
Proof:
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(1):

-1.7 T
—~ x'(M+M")Y
0=[x"T(M+M)x]""xT(M + MT)Y = ( )

m

o)

[xT(M +MT)x

o ()] )] (5 ol

= (*"x)"'ATY + 0, ( ) =08,5+ 0, (i),

1
m

(2):
0=0,+0, <%) = (xTx)"xTY + 0p (%) = Tx)"'x"(x0 + 1) + 0p <%)

=(xTx) 1 (xTx)0 + (xTx) xTt + OP( ) =0+ o0p(1)+ OP( ) =60+ 0p(1),

x X
m m
where the penultimate equation holds according to condition (4) and Lemma 1. That is:

T T
(xTx) xTt = (xm—x) % = 0p(1).

2. A Simulation Study

This section conducts a simulation study to verify the properties of the AC-based estimator theoretically obtained in
Section 2 under small samples. In this simulation study, what is considered as the probability distribution of the error
terms is that the AC-based estimator, 8, and the LS estimator, 8, have the same probability distribution asymptotically,
according to the Theorem 3, and the error terms can be expressed as an ARMA(r, s) model as follows:

T N

= ) T+ 4 ) 7, (), 26, @)

w=1 w=1
where {r,},z is a sequence of uncorrelated random variables with a common mean of 0.

Furthermore, in this simulation study, four special cases for model defined in the equation (7) are considered: a simple
independent sample (@(1) = 0 and (1) = 0), the AR(1) model only with «(1) = % (and B(1) = 0), the MA(1) model
only with (1) = —§ (and a(1) = 0), and the ARMA(1,1) model only with a(1) = % and p(1) = —%. The probability

distribution of the sequence {m,},; is assumed to be a normal probability distribution with a common mean of 0. Also,
the variance of each t,, z€Z is set to 1 to allow comparison between the above four models. Given these assumptions, the
MLR model is considered as follows:

V=1+x,+x5+71, 1=123,..,m, (8)
z L Lt
wherex;, = —andx;; =4™ | T %
m 1-4, L2
m m 2

Therefore, it can be seen that this section uses an MLR model with 8, = 0 and 8; = 6, = 6; = 1. It is easy to see that
the independent variables, including x;; = 1 corresponding to the width from the origin of the model, satisfy conditions
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-6
-6 12
-12 0

—-12

0 ) satisfying the
48

The sample size m is considered to be 100, which is not considered a very large size in time series data analysis. In

o

é\LS,l
the MLR model defined in equation (8), 1000 samples are generated and for each sample, 8 = | 8, |and 8,5 = [ 0,5,

are calculated and the sample means (SMs) and standard errors (SEs) are organized in Tables 1 to 4 as follows:

03

QLS,S

Table 1. SMs and SEs corresponding to the vectors @ and 8, based on the special case of a simple independent

sample (a(1) = 0 and B(1) = 0) for the model defined in equation (7)
imators 0 0.5
MOdel é\1 é\2 é\3 éLS,l é\LS,Z é\LS,3
A simple SMs 1.010 0.981 1.000 1.010 0.981 1.003
independent
sample (a(1) = 0
and B(1) = 0) SEs 0.266 0.339 0.691 0.264 0.337 0.683

Table 2. SMs and SEs corresponding to the vectors @ and 8,5 based on the special case of the AR(1) model only

with a(1) = % (and B(1) = 0) for the model defined in equation (7)
imators 0 05
MOdeI é\1 §2 é\3 é\LS,l é\LS,Z é\LS,3
AR(1) model with | SMs 0.991 0.999 1.023 0.990 1.000 1.023
only a(1) = %
(end SC1)==0) SEs 0.464 0.594 1.203 0.457 0.587 1.192

Table 3. SMs and SEs corresponding to the vectors & and 8,5 based on the special case of the MA(1) model only

with (1) = —; (and a(1) = 0) for the model defined in equation (7)
imators 0 0.5
MOdeI 91 é\2 é\3 éLS,l é\LS,Z é\LS,3
MA(1) model with | SMs 1.000 0.996 1.005 1.000 0.996 1.004
only B(1) = -3
) =) ) e 0.127 0.164 0.310 0.129 0.167 0.313
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Table 4. SMs and SEs corresponding to the vectors 8 and 8,5 based on the special case of the ARMA(1,1) model
only with a(1) = % and p(1) = —%for the model defined in equation (7)

imators ] 0,

MOdeI él éZ é\3 é\LS,l é\LS,Z é\LS,3
ARMA(1,1) model | SMs 1.000 1.003 1.009 1.000 1.002 1.009
with only a(1) = -

1
and B(1) = —7 | s 0.271 0.337 0.659 0.270 0.333 0.659

Tables 1 to 4 show the values of the SMs and SEs of 8 and 8¢ based on the four assumed special cases for the model
defined in equation (7) for 1000 samples of the size 100. Comparing the SMs of the two estimators, it is found that there
is a difference only in their third decimal place. Looking more closely from the perspective of having the unbiased
property, it is observed that the values of |estimator - parameter| are all within the 'SE/10' range.

The box plots drawn in figures 1 to 4 summarize the values of @ and 8, under four specific assumed cases for the
model defined in equation (7) for 1000 samples of the size 100 as follows:
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Figure 1. Boxplots corresponding to the vectors 8 and 8¢ based on the special case of a simple independent
sample (a(1) = 0 and B(1) = 0) for the model defined in equation (7)
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Figure 2. Boxplots corresponding to the vectors 8 and 8¢ based on the special case of the AR(1) model only
with a(1) = % (and (1) = 0) for the model defined in equation (7)
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Figure 3. Boxplots corresponding to the vectors 8 and 8,5 based on the special case of the MA(1) model only
with only B(1) = —% (and a(1) = 0) for the model defined in equation (7)
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Figure 4. Boxplots corresponding to the vectors 8 and 8,5 based on the special case of the ARMA(1,1) model

only with a(1) = % and g(1) = —%for the model defined in equation (7)

These box plots are judged based on the SMs and SEs in Tables 1 to 4 and also show that the difference between the
AC-based estimator and the LS estimator is very small and the values of both estimators are very close to the true values
of the MLR model coefficients.

3. Discussion and Conclusion

This paper presented an AC-based estimator for the coefficients of the MLR model. This new estimator ensures that the
derivative of the AC quantity of the error terms with respect to the model coefficients is equal to zero. Then, it was proven
that this estimator is an unbiased estimator of the model coefficients. Furthermore, it was shown that if the vector of
independent variables satisfies certain regularity conditions, and under the weak condition that the error terms follow an
ARMA model, the proposed estimator has a probability distribution similar to the LS estimator asymptotically and
converges probabilistically to the model coefficients. Furthermore, the properties of this estimator under small samples
were verified through a simulation study in an ARMA model.

Finally, let's examine ways to adjust conditions (1) through (5). Condition (1) is a necessary condition and it is difficult
to adjust condition (2) because If condition (2) does not hold, it will be difficult to reach the result of Lemma 1, which
plays an important role in this study. Also, if condition (3) or condition (4) does not hold, it is thought that it will not be
easy to obtain the results of Lemma 2 or Theorem 3, respectively. Finally, only the condition (5) among the conditions

(1) to (5) allows for adjustment. The condition Y;;2,|9(i)| < oo in condition (5) was necessary to derive the result of

Lemma 1. However, a necessary condition for deriving Lemma 1 is that 2?;0@ — 0 holds when m — oo. This

condition goes one step further and satisfies 9 (m) — 0 when m — oo. Therefore, the condition }.72,|9(i)| < c can be
replaced by a much more adjusted condition 9(m) = 0(1). In fact, this condition is also met by models that follow long-
term memory processes. Therefore, the range of time series models to which Theorem 3 can be applied is greatly
expanded.
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